A detailed analysis of the two magnon scattering contribution to the microwave relaxation and ferromagnetic resonance linewidth in isotropic and anisotropic films and disks has been made. The analysis is based on the Sparks, Loudon, and Kittel ͑SLK͒ theory for the scattering of uniform mode magnons into degenerate spin wave states for isotropic spherical samples in the presence of magnetic inhomogeneities in the form of spherical voids or pores. The SLK theory has been extended to include: ͑i͒ thin film and thick film samples magnetized in an oblique out-of-plane direction; ͑ii͒ uniaxially anisotropic materials with either easy-axis or easy-plane anisotropy and an anisotropy axis perpendicular to the disk plane; ͑iii͒ a modified density of degenerate states to account for the nonzero relaxation rate of the scattered spin waves; and ͑iv͒ two limiting cases of the scattering interaction: ͑a͒ the original SLK case where the inhomogeneities are modeled as spherical voids and the coupling to the degenerate spin waves varies with the spin wave propagation direction and ͑b͒ an isotropic scattering model where the coupling is independent of the propagation direction. The formulation is valid for thick films for which the discrete nature of the spin wave modes may be neglected. The two magnon linewidth as a function of field orientation is calculated for three classes of material parameters corresponding to yttrium iron garnet and barium M -type and zinc Y -type hexagonal ferrites. The linewidth versus static field angle profiles show characteristic profiles which depend on the crystalline anisotropy, the sample dimensions, the nature of the scattering interaction, the inhomogeneity size, and the inhomogeneity volume fraction. These parameters, as well as the shape and evolution of the spin wave band as a function of the field angle under ferromagnetic resonance conditions, play critical roles in determining the linewidth versus angle profiles.
I. INTRODUCTION
The discovery of yttrium iron garnet ͑YIG͒ 1 has led to many advances in the fundamental understanding of magnetic materials. From a technological point of view, the most important of these properties concerns the losses which limit the high speed switching of the magnetization for memory elements and control the insertion loss for microwave devices. The basic loss mechanisms for such high frequency processes in YIG and related ferrite materials are best examined by microwave techniques at ferromagnetic resonance ͑FMR͒ as well as off resonance. 2 The main microwave loss mechanisms which are usually operative in ferrite materials have been reviewed in detail by Sparks. 3 In addition to so-called ''intrinsic'' mechanisms in very pure, high quality single crystals of YIG materials, which yield FMR half power field swept linewidths in the 0.05 Oe/GHz range at room temperature and in the mOe range at low temperature, there are two other generic processes which tend to increase the microwave losses above these ''intrinsic'' levels. The first such ''nonintrinsic'' process is often termed ''two magnon scattering.'' The second nonintrinsic process is related to impurities. The present article is concerned with two magnon scattering.
A. Two magnon scattering losses and inhomogeneities
In ferromagnetic resonance, the two magnon scattering process involves coupling between the uniform mode and spin waves over a range of wave vectors which are degenerate with the microwave pump and the FMR response. The coupling is typically strongest for spin wave wavelengths which are on the order of whatever inhomogeneities may be present in the material. This process is termed ''two magnon scattering'' because the mechanism can be expressed theoretically by a second quantization formalism in which a uniform precession or FMR magnon is destroyed and a spin wave magnon at the same frequency is created. In the early theories, [4] [5] [6] [7] the uniform mode source magnons and the spin waves were taken to be degenerate. Since the participating magnons ͑i͒ are degenerate and ͑ii͒ have different wave vectors, momentum is not conserved for the two magnon scattering process. From a formal point-of-view, the pseudomomentum from the spatial variation in the internal fields of one sort or another which derives from the inhomogeneities serves to conserve the momentum in the scattering calculation. Two magnon scattering requires, therefore, the presence of inhomogeneities. Later theories included the possible effects of secondary scattering.
tally for three types of inhomogeneities in bulk YIG, namely, surface pits, volume pores or voids, and randomly distributed single crystal grains in a polycrystal. 4, 7 The most detailed published theory is for scattering due to an isolated spherical pore imbedded in a large sample. 3, 4 Theoretical and experimental results have been reviewed in Ref. 2 .
Critical evidence for the importance of two magnon scattering is contained in the data of Buffler 10 on linewidth versus frequency for YIG spheres which were polished to produce pits of different sizes. Various studies of FMR linewidths in ferrite materials have also demonstrated that detailed information on the two magnon scattering contribution to the loss may be obtained if the number of spin waves which are degenerate with the FMR frequency can be adjusted experimentally through the use of different sample shapes, different field orientations, etc. [11] [12] [13] [14] 
B. Thin films and degenerate spin waves
A considerable amount of related work has been done on thin films. Ferromagnetic resonance measurements in thin permalloy films, 15, 16 for example, demonstrated the potential importance of two magnon scattering processes through the use of the thin film geometry and field orientation to change the degeneracy condition. For FMR with an in-plane static magnetic field and an in-plane magnetized thin film, there are a large number of spin wave states which are degenerate with the uniform mode and a significant contribution to the two magnon scattering linewidth is possible. If the static magnetic field is perpendicular to the film and sufficient to saturate the magnetization perpendicular to the film, there are essentially no spin wave states degenerate with the FMR frequency and there should be almost no two magnon scattering contribution to the linewidth. For an obliquely magnetized film, the FMR frequency lies between these two limits. The number of degenerate spin waves to which the uniform mode can couple via the two magnon process, and hence the relaxation rate and the linewidth, are strongly dependent on the external field orientation.
The angle dependence of the two magnon scattering contribution to the linewidth for films has been treated previously by Sparks. 17 This treatment was done for two limited cases, and only for isotropic materials. The first part of Sparks' treatment developed an approximate expression for the linewidth due to scattering from such spherical voids within the film, but did not explicitly consider the role of the void size. The second part considered scattering from large etch pits which extended through the film thickness. This work shows the wealth of two magnon effects which are important for thin films.
C. Objective of this work
The objective of this work is to provide a specific, analytical, and operational theoretical formalism for two magnon scattering relaxation and the FMR linewidth in thin films. A summary of the theory is given in Ref. 18 .
The analysis is based on the transition probability calculation of Sparks, Loudon, and Kittel 4 ͑SLK͒ for isotropic spherical samples. In this approach, the microstructure is modeled in terms of spherical voids or pores. The calculation results in a relaxation rate expression which reflects the assumption of spherically symmetric inhomogeneities. While it is possible to extend the analysis to include nonspherical inhomogeneities, 17, 19, 20 no attempt has been made to include such effects here. For a wide distribution of pore or void shapes, it is reasonable to adopt an ''isotropic scattering'' limit in which the angular coupling term which derives from the dipole field distribution around a spherical void is replaced by some average value. The ''spherical void scattering'' and ''isotropic scattering'' limits give very different two magnon linewidth versus field angle profiles. These differences will provide a way to separate very different kinds of scattering processes.
Previously two magnon analyses have been limited to materials which were either isotropic or with relatively small levels of magnetocrystalline anisotropy such that the behavior of the spin wave band was essentially the same as for isotropic materials. Schlömann et al., 21 among others, has shown that anisotropy can have a significant effect on the spin wave dispersion and the corresponding spin wave band. Explicit examples of such effects and further references may be found in Refs. [21] [22] [23] [24] .
The modifications in the spin wave band due to anisotropy have a large effect on the two magnon linewidth versus angle profiles. From a technological point of view, these effects are extremely important. This is due, in part, to the continuing interest in hexagonal ferrite materials for millimeter-wave device applications, 25 and the recent development of pulse laser deposited ͑PLD͒ single crystal barium ferrite ͑Ba-M͒ films. 26 These new Ba-M PLD films, as well as other PLD ferrite films, 27, 28 have rather large FMR linewidths. As these materials are developed and refined for millimeter-wave device applications, it will be important to consider the possibility of a two magnon scattering contribution to the high frequency losses, the types of microstructure responsible for these losses, and ways to modify the film morphology to eliminate these effects and reduce the losses.
The objective of this work, then, has been: ͑i͒ to develop a clear, practical, and operational formalism for the two magnon scattering relaxation rate in anisotropic ferrite films; ͑ii͒ to make explicit the role of different types and sizes of inhomogeneities on the two magnon losses; ͑iii͒ to make explicit the role of anisotropy modifications to the spin wave band on these processes; and ͑iv͒ to provide example calculations of profiles of linewidth versus external field angle which demonstrate these effects.
Section II defines basic parameters and establishes operating equations for static equilibrium and the uniform mode FMR response when the static magnetic field is applied at some angle relative to the film normal. Section II also establishes operational equations for the FMR frequency, various effective field parameters, and a phenomenological relaxation rate which will be used to characterize intrinsic losses. Section III provides a brief review of spin wave properties for isotropic and uniaxially anisotropic materials. In Sec. IV, the relaxation rate or inverse relaxation time for scattering between the uniform mode and the degenerate spin waves is developed along the same lines as used in the origi-nal SLK theory. Here, however, specific working equations are obtained for scattering into a band of spin waves of nonzero width. In Sec. V, these working equations are used to calculate the two magnon linewidth as a function of the external field orientation for representative cases of isotropic, easy-axis, and easy-plane ferrite films and disks, and a variety of microstructure options which correspond more-or-less to those expected in real materials.
II. UNIFORM MODE ANALYSIS
This section considers various aspects of the uniform mode response in thin film ferromagnetic resonance. The key topics are ͑i͒ static equilibrium, ͑ii͒ dynamic response and effective fields, ͑iii͒ FMR field as a function of static field angle relative to the film normal at fixed frequency, and ͑iv͒ FMR linewidth versus angle for fixed frequency and fixed relaxation rate. The dynamic response analysis is based on the Kittel 29 formulation of ferromagnetic resonance and relaxation according to the Bloch-Bloembergen formulation. 30 The effect of anisotropy is included through a free energy approach.
Example results are given for YIG, Ba-M, and Zn-Y materials. Because it has a relatively small cubic anisotropy, YIG is treated as an isotropic material. The hexagonal ferrites, on the other hand, exhibit large uniaxial anisotropies, with the easy direction along the c axis for Ba-M and in the c plane for Zn-Y. For these materials, the c axis is taken to be oriented normal to the disk. This uniaxial anisotropy may be characterized in terms of a anisotropy energy density of the form E K ϭϪK U cos 2 , where K U is the uniaxial anisotropy energy density in erg/cm 3 and is the angle between the magnetization vector M and the c axis. Positive K U corresponds to an easy axis material with the easy M direction along the disk normal. Negative K U corresponds to an easy plane material with the easy M direction in the disk plane. It will prove convenient to define an effective anisotropy field H A ϭ2K U /M s , where M s is the saturation magnetization of the material in emu/cm 3 . Positive values of the anisotropy field H A correspond to easy-axis anisotropy and negative values to easy-plane anisotropy. An H A value of zero corresponds to an isotropic material. Typical room temperature values of H A for hexagonal ferrite materials are 16.3 kOe for Ba-M and Ϫ9.0 kOe for Zn-Y. 31 Typical values of the room temperature saturation induction 4M s are 1.75 kG for YIG, 4.7 kG for Ba-M, and 2.1 kG for Zn-Y. 31 Gaussian units will be used throughout this work.
A. Sample geometry and static equilibrium
Consider a thin, uniaxially anisotropic disk or film magnetized by the application of an external static magnetic field. Figure 1 shows the sample oriented relative to some right-handed X-Y -Z frame such that the sample normal is parallel to the Z axis. This direction also corresponds to the uniaxial crystalline c axis. The disk is assumed to have symmetry about the c axis and to be characterized by the inplane and out-of-plane demagnetization factors N XY and N Z which satisfy the condition N Z ϩ2N XY ϭ1. A static external magnetic field H ext is applied at an angle relative to the sample normal and is taken to lie in the Y -Z plane. At static equilibrium, the static magnetization vector M s also lies in the Y -Z plane and is directed at an angle relative to the sample normal. The specific situation in Fig. 1 would apply to an isotropic material, an easy-plane material with H A Ͻ0, or an easy-axis material with H A Ͻ4M s . For a Ba-M disk with easy-axis anisotropy and H A Ͼ4M s , the magnetization angle would be less than the field angle .
The condition for static equilibrium is found if the net torque on M s is set equal to zero. The net torque is a result of the external field, the demagnetization field, and the anisotropy which acts to pull the magnetization into an easy direction. This condition yields an expression which relates the field and magnetization angles and
Note that for H ext Ͼ͉H A ͉, the internal field and magnetization vectors will be parallel with H ext applied either perpendicular to the disk, with ϭϭ0°, or in-plane, with ϭϭ90°.
B. Dynamic response, relaxation, and effective fields
In the small signal limit, the condition ͉m(t)͉ӶM s is satisfied and the total time dependent magnetization vector M(t) may be resolved into a static component oriented parallel to the saturation magnetization vector M s and a small dynamic component m(t) perpendicular to M s M͑t ͒ϷM s ϩm͑t ͒. ͑2͒
In the uniform mode analysis, m(t) is assumed to be independent of position throughout the sample. The precessional motion of the total magnetization vector about the equilibrium direction can be driven by the application of a microwave field h(t) perpendicular to the static magnetization direction. The microwave field is taken to be uniform throughout the sample, to vary sinusoidally with a frequency , and to be directed along the X axis in Fig. 1 . This insures that h(t) will be perpendicular to M s regardless of the angles and . Ferromagnetic resonance results when the microwave frequency corresponds to the natural frequency of the precession.
There are two standard ways to perform the FMR experiment. In the first approach, the static field H ext is applied at some angle and held at a fixed strength while the pump frequency is varied. The response is then characterized by the FMR frequency FMR at which the maximum power is absorbed and a corresponding frequency linewidth ⌬. This linewidth is the interval, in frequency units, between the half-power points of the microwave absorption profile.
In the second approach, and the one which is favored experimentally, the microwave frequency is fixed at while the strength of the external field H ext is varied. The two basic parameters of interest are then the FMR field H FMR and field linewidth ⌬H. The field H FMR is defined to be the value of H ext at which the maximum microwave power is absorbed. The linewidth ⌬H is the interval, in field units, between the half power points.
In order to determine the FMR parameters FMR , H FMR , ⌬, and ⌬H, a modified version of the torque equation is often used. The modification involves the addition of phenomenological damping terms which account for the relaxation of the magnetization. The analysis leads to relatively simple working equations for the FMR frequency FMR and linewidth ⌬. Expressions for the corresponding field parameters H FMR and ⌬H are much more involved. Determination of these parameters is discussed shortly.
The two most commonly used phenomenological modifications to the torque equation which account for loss are the Bloch-Bloembergen ͑BB͒ 30 and Landau-Lifshitz ͑LL͒ 32 approaches. In this work, the BB formalism will be used exclusively, because it is physically consistent with the two magnon process. A thorough discussion of the various relaxation mechanisms and the phenomenological damping formalisms is given by Sparks. 3 Various phenomenological damping approaches to ferromagnetic resonance are also discussed by Lax and Button 33 and Patton.
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The modified torque equation of motion for the transverse dynamic magnetization m(t) with BB loss included may be written as
Here H(t) represents the total effective magnetic field in the sample, ␥ is the absolute value of the electron gyromagnetic ratio, and 1/T is the transverse and longitudinal BB relaxation rates. A typical value for ␥ is 1.76ϫ10 7 rad/s Oe or 2.8 GHz/kOe in practical units. For a thin disk or film magnetized out-of-plane, a 1/T value of 1.76ϫ10 7 rad/s would correspond to a field swept linewidth of 1 Oe. Note that 1/T is in units of rad/s. The calculations presented below will yield expressions for 1/T. When numerical results are presented, these will be given in terms of 1/␥T, in Oe, corresponding to field linewidths. The BB formulation also includes a longitudinal relaxation term for the z component of the total dynamic magnetization. This term is not considered in a linear theory.
The net magnetic field H(t) consists of the applied fields H ext and h(t) along with the static and dynamic fields which result from sample demagnetization and non-Maxwellian effective fields related to magnetocrystalline anisotropy. The net effective field H(t) can be expressed in terms of a modified demagnetizing tensor A according to
In the X-Y -Z frame, the tensor A is given by
For purposes of the usual uniform mode analysis, the components of the dynamic magnetization are assumed to have an e it dependence. The analysis leads to an expression for the FMR frequency FMR which is valid to first order in the loss term 1/T
H y ϭH ext cos͑Ϫ ͒ϩ
The H x and H y parameters may be viewed as effective stiffness fields which characterize the instantaneous torque exerted on M(t) when it is tipped parallel toward the h(t) direction or perpendicular to the h(t) direction, respectively. Although the above results give FMR as a function of H ext , the explicit dependence of the value of the external magnetic field, H FMR , on the field angle for resonance at a given frequency , can also be determined. Once the sample parameters ␥, 4M s , H A , and N Z are specified, Eqs. ͑1͒, ͑6͒, ͑7͒, and ͑8͒, with H ext and FMR replaced by H FMR and , respectively, can be solved for H FMR as a function of . Figure 2 shows the calculated FMR field H FMR as a function of the external field angle for the three representative materials described above and in the infinite thin film limit where N Z ϭ1 is satisfied. Figure 2͑a͒ is for YIG at /2ϭ10 GHz, Figure 2͑b͒ is for Ba-M at 50 GHz, and Figure 2͑c͒ is for Zn-Y at 10 GHz. The frequencies were chosen to be representative of typical operating frequencies for these materials. These same material-frequency combinations will be used throughout this work for purposes of numerical evaluations.
C. FMR field versus angle at fixed frequency
Consider the YIG results in ͑a͒ first. For an external field applied perpendicular to the film plane at ϭϭ0°, the FMR field is a maximum, while the minimum occurs for the in-plane configuration at ϭϭ90°. The variation in H FMR with the field angle is due to the change in the sample demagnetization and stiffness fields. For the Ba-M case in ͑b͒, the situation is reversed because of the very strong easy-axis anisotropy perpendicular to the film plane. Here, the FMR field is a minimum for ϭϭ0°, which corresponds to the easy direction, and a maximum when the field is in-plane, along a hard direction. For the Zn-Y result in ͑c͒, the anisotropy acts together with the demagnetization fields to pull the magnetization vector in-plane. For the out-of-plane orientation, the field required for ferromagnetic resonance is very large, but this field then rapidly decreases as the field is tipped away. The rapid change in H FMR reflects the severe misalignment between the static field and magnetization vectors. For field angles above about 30°or so, the static magnetization is essentially in-plane.
The results in Fig. 2 demonstrate an important effect of the external field orientation on the FMR response for a constant microwave frequency, namely, that the strength of the applied static field and hence the net field within the material vary strongly with field angle. This effect will play a crucial role in the two magnon scattering and linewidth versus angle theory developed shortly.
D. Linewidth considerations and linewidth versus angle
The FMR analysis also yields an expression for the BB frequency swept linewidth ⌬. This linewidth is conveniently expressed in magnetic field units as ⌬(/␥). The BB linewidth in field units is
In contrast with the FMR frequency result of Eq. ͑6͒, for which FMR varied as the geometric mean of two stiffness fields, the BB linewidth ⌬(/␥) is constant and proportional to the transverse relaxation rate. Unlike the simple ⌬(/␥)ϭ1/␥T result of Eq. ͑9͒, a corresponding expression for the field swept linewidth ⌬H in the field swept FMR experiment at constant frequency is much more complicated. This can be understood from an examination of the field and magnetization vectors during the course of an FMR experiment. For the frequency swept case, the orientation and strength of H ext are held fixed, so that the equilibrium direction of static magnetization M s also remains constant. For the field swept case, the direction of H ext is fixed while its strength is varied. As can be seen from Eq. ͑1͒, the orientation angle for M s will then vary as H ext is swept, unless is either 0°or 90°. As a result, ⌬H can be a complicated function of even for constant 1/T. It will be seen from the two magnon scattering theory that the relaxation rate 1/T itself shows strong angle dependences as well.
It is important from the outset, therefore, to separate and understand the geometric linewidth angle dependences which result in field swept experiments.
For a given 1/T value and a particular field angle , the field linewidth ⌬H can be determined directly from the explicit microwave susceptibility expressions obtained from the uniform mode analysis. Although it is not possible to obtain simple closed form expressions for ⌬H as a function of the field angle , it is possible to evaluate the susceptibility response numerically and determine ⌬H as the separation in field values which correspond to the half-power points of the absorption. A simpler approach, and one which can be used to demonstrate the intuitive connections between ⌬H and ⌬(/␥), is to invoke a simple connection between the two linewidths which is strictly valid only in the limit of small linewidths. This connection may be written as
The derivative can be determined from Eqs. ͑1͒, ͑6͒, ͑7͒, and ͑8͒. In the limit that ⌬Ӷ FMR is satisfied, the linewidths predicted by the two approaches agree to within several Oe. As will be discussed below, the linewidth conversion factor ␥‫ץ‬H FMR ‫ץ/‬ FMR is equal to one for ϭ0°, greater than one when magnetization rotation effects dominate the field swept line broadening at angles between ϭ0°and ϭ90°, and is less than one for parallel resonance at ϭ90°. The effect of the field orientation on the FMR linewidth for a constant relaxation rate is illustrated in Fig. 3 . The figure follows the form of Fig. 2 , with ͑a͒ for YIG, ͑b͒ for Ba-M, and ͑c͒ for Zn-Y. The calculations are based on the infinite thin film limit and the same material parameters and frequencies used in Fig. 2 , along with 1/␥T values of 0.5, 20, and 15 Oe, for the YIG, Ba-M, and Zn-Y cases, respectively. These values correspond to reasonable out-of-plane resonance linewidths due to intrinsic losses in these materials at the chosen frequencies.
Consider the results for the YIG film in Fig. 3͑a͒ . Here, the field swept linewidth ⌬H is equal to 1/␥T for the out-ofplane orientation and shows only a small increase at intermediate angles. There is a small but indiscernible drop in ⌬H from 1/␥T at ϭ90°. In the case of YIG at 10 GHz, the FIG. 2. Calculated static external field for ferromagnetic resonance, H FMR , as a function of the external field angle for the three representative materials in the infinite thin film limit. ͑a͒ is for YIG at 10 GHz. ͑b͒ is for Ba-M at 50 GHz. ͑c͒ is for Zn-Y at 10 GHz.
conversion factor between the field linewidth and the relaxation rate given by Eq. ͑10͒ is very close to one and essentially independent of angle. The small peak around ϭ35°is due to the small difference between the field angle and the magnetization angle as the field is rotated at intermediate angles. For in-plane ferromagnetic resonance at ϭ ϭ90°, the YIG linewidth for BB damping is slightly smaller than the perpendicular linewidth at 0.47 Oe. This relative insensitivity of the YIG field swept linewidth to rotation is due to the near alignment of M s with H ext as the field is rotated and H ext is maintained at the value needed for ferromagnetic resonance at 10 GHz.
The situation is quite different for the Ba-M linewidth results in ͑b͒ of Fig. 3 . Here, the field swept linewidth shows a very significant variation with angle. Note that the large uniaxial anisotropy for the Ba-M film, with the easy axis perpendicular to the film, causes the FMR field to be small at ϭϭ0°and large at ϭϭ90°. For intermediate values, the M s vector tends to be somewhat closer to the film normal than does H ext and the magnetization angle lags behind the field angle . For ferromagnetic resonance at 50 GHz and the combination of Ba-M parameters used here, the field swept linewidth for a constant 1/␥T values of 20 Oe increases to a maximum value of about 33 Oe near an external field angle of 60°and then drops to a value slightly below the perpendicular field linewidth at ϭϭ90°.
As shown in ͑c͒, this effect is even more pronounced for Zn-Y film parameters and 10 GHz ferromagnetic resonance. In this case, the anisotropy is in-plane and serves to enhance the demagnetizing effects. Here, ⌬H increases very rapidly as the external FMR field is rotated away from the perpendicular FMR orientation at ϭ0°. The peak in ⌬H occurs at Ϸ8°and is more than a factor of 5 greater than the linewidth at ϭ0°. It is important to keep in mind that the 1/␥T values in each of these calculations were taken to be constant, independent of .
It is instructive to compare the angle dependences of the linewidths in Fig. 3 with the angle dependences of the FMR fields shown in Fig. 2 . It can be seen that the variation in the linewidth with the field angle roughly tracks the change in the slope of the H FMR vs curve in each scenario.
III. SPIN WAVE DISPERSION AND DEGENERATE SPIN WAVES
This section presents a brief review of spin wave considerations which will be important for the two magnon process. Dispersion relations of spin wave frequency k versus wave vector k are obtained. This section also provides an explicit examination of the change and frequency shift in the spin wave band for YIG, Ba-M, and Zn-Y films as one moves from the perpendicular FMR configuration with the field at ϭ0°to the parallel FMR case with the field at ϭ90°. These considerations lead to an intuitive understanding of the change in the degenerate magnon situation and hence, the states available for two magnon scattering, as one moves from the perpendicular to the parallel FMR configurations. The presentation is limited to so-called bulk spin waves for which the wave number k is much greater than 2/S, where S is the film thickness. The magnetostatic mode limit in which k may be on the order of or smaller than 2/S, but still above the pure electromagnetic wave limit k /c, where c is the speed of light, will not be considered here. Possible effects due to magnetostatic modes and film thickness effects other than demagnetizing factors will be briefly considered at the end of the article.
A. Classical bulk spin waves
For a bulk material, the sample boundaries can be taken to lie at infinity and do not influence the dispersive properties of the spin wave modes. For thin film materials, however, the boundary conditions of the magnetic field vectors can significantly modify these dispersion relations. Calculation of the so-called dipole-exchange modes, which are the normal modes for thin film materials, is in general extremely complicated and is beyond the scope of this work. References for dipole-exchange modes include Wolfram and De Wames, 34 De Wames and Wolfram, 35 and Kalinikos et al. 36 In this work, the approach of Sparks 18 is followed. The bulk spin wave dispersion relations are used to approximate the normal modes of the film. This results in a considerable FIG. 3 . Calculated ferromagnetic resonance field swept linewidth ⌬H as a function of the external field angle for the three representative materials in the infinite thin film limit and for constant values of the BB relaxation rate 1/T. ͑a͒ is for YIG at 10 GHz with 1/␥Tϭ0.5 Oe. ͑b͒ is for Ba-M at 50 GHz with 1/␥Tϭ20 Oe. ͑c͒ is for Zn-Y at 10 GHz with 1/␥Tϭ15 Oe.
simplification of the two magnon scattering analysis. As long as the microstructure responsible for the two magnon interaction is much smaller than the film thickness, the bulk spin wave dispersion relations provide a reasonable model for two magnon calculations.
In order to determine the bulk spin wave dispersion relations, Eq. ͑3͒ can be re-written in the lossless form, with the magnetization and field vectors taken to be functions of space as well as time
Analogous to Eq. ͑2͒, the total magnetization is now of the form M(r,t)ϷM s ϩm(r,t). The spatial dependences in the H(r,t) enter through the spatial dependence of m(r,t) and the associated dipole-dipole interactions, exchange interactions, and anisotropy considerations. These effects are considered shortly. The inclusion of spin waves in the model requires an extension of the basic X-Y -Z coordinate system defined in Fig. 1 . The two important extensions are depicted by the diagrams in Fig. 4 . First, it is useful to introduce an additional reference frame as defined in Fig. 4͑a͒ . Here, in addition to the sample or laboratory X-Y -Z frame, one considers an x-y-z frame of reference in which the static component of the magnetization M s is directed along the z axis. For the present purposes, this z axis is taken to lie in the Y -Z plane of the sample reference frame and is at an angle relative to the Z axis. Recall that is the angle between the M s and the film normal. With M s along the z axis, the precession of the full magnetization vector M yields a dynamic magnetization m which, to first order, only has x and y components. Hence, the x-y-z frame may be termed the ''precessional'' frame. This frame, as depicted in Fig. 4͑a͒ , has the x axis along X and the y axis in the Y -Z plane and rotated away from the Y axis by the angle . Note that for a static magnetization angle ϭ0°, the x-y-z frame is equivalent to the X-Y -Z frame. For other orientations, the x-y-z frame is obtained by a clockwise rotation of the X-Y -Z frame about the X axis by an angle .
One may now establish parameters to define the spin wave wave vector k. A suitable definition for these parameters may be based on ͑b͒ of Fig. 4 . The wave vector is specified in terms of a magnitude k, a polar angle k , which is measured relative to the z axis, and an azimuthal angle k , which corresponds to the angle between the projection of k on the x-y plane and the x axis.
In order to determine the spin wave dispersion relations from Eq. ͑11͒, the dynamic magnetization associated with a given spin wave is written in the form of a plane wave with a wave vector k and frequency k m͑r,t ͒ϭm k e Ϫi͑k-rϪ k t ͒ . ͑12͒
The two components of the vector m k are the complex x and y amplitudes of the spin wave and r denotes a general space coordinate. The magnetic field H(r,t) consists of a number of terms which may be written as
Here, H i is an effective internal static magnetic field and the three additional fields denoted by lower case h are dynamic fields associated with the spin wave dynamic magnetization of Eq. ͑12͒. The first dynamic field, h an (r,t), is associated with the crystalline anisotropy, the field h dip (r,t) is the spin wave dipole field, and h exch (r,t) is an effective exchange field for the spin wave. The various terms in the effective field expression of Eq. ͑13͒ have been developed in the literature in various formats. The basic approach is given in Ref. 23 , among others. It is assumed that the static equilibrium condition of Eq. ͑1͒ is satisfied. This means that the static effective field is parallel to the static magnetization vector, and hence, along the z axis. The static field term H i may be written as
The first term on the right side of Eq. ͑14͒ is simply the component of the static external field along the direction of the static magnetization vector. The second term is the contribution from the static demagnetization field. The third term in Eq. ͑14͒ is the contribution to the static effective field due to the uniaxial anisotropy. It is important to emphasize that this term does not represent a real magnetic field in the Maxwellian sense. It is an effective field based on the specific form taken for the anisotropy energy. If a different form for E K () was used, E K ϭϩK U sin 2 , for example, this last term in Eq. ͑14͒ would change, as would Eq. ͑15͒ for the dynamic anisotropy field h an .
The next term in Eq. ͑13͒ is the effective dynamic anisotropy field h an (r,t). This term is needed to account for the dynamic effects of the uniaxial anisotropy associated with the dynamic magnetization. For anisotropy as defined above, the dynamic effective anisotropy field is given by
This effective anisotropy field is specified in the x-y-z frame.
Procedures to obtain such effective fields are discussed in Ref. 23 .
FIG. 4. ͑a͒
Relative orientations of the sample (X-Y -Z) and precessional (x-y-z) frames. The z axis is taken to be parallel to the static magnetization vector M s and the x axis is taken to be parallel to the X axis. ͑b͒ Orientation of the propagation wave vector k relative to the x, y, and z axes in the precessional frame. The polar angle k is measured relative to the z axis. The azimuthal angle k is measured relative to the x axis.
The next field, h dip (r,t), accounts for the dipole-dipole interaction due to the misalignment of nearby spins associated with the plane wave excitation of Eq. ͑12͒. For the case of the uniform precession, where kϭ0, there is no such dipole field because all of the spins are parallel. The dipole field can be conveniently expressed in terms of the wave vector and the dynamic magnetization for the spin wave according to
The dipole field given in Eq. ͑16͒ is valid in the so-called magnetostatic approximation in which the wave number k for a given frequency is much greater than the corresponding pure electromagnetic wave wave number. These considerations are discussed in Ref. 37 . The last field term in Eq. ͑13͒ is the effective exchange field h exch (r,t). This field, like the static and dynamic anisotropy fields, is not a true Maxwellian field, but is needed in order to account for the quantum mechanical exchange interaction. For a ferromagnetic material, this field can be written as
The form of this exchange field is discussed in Ref. In order to obtain dispersion relations of frequency k as a function of k, the torque equation of Eq. ͑11͒, together with the above effective field equations, are first linearized in the x and y components of the dynamic magnetization m k , taken as m kx and m ky , respectively. One then obtains a set of two homogeneous equations in m kx and m ky . The secular determinant from these equations leads to an expression for the spin wave frequency k as a function of the wave vector k. The general spin wave dispersion relation for a uniaxial or planar anisotropy material is obtained as
The validity of this dispersion relation is contingent upon the satisfaction of the stability condition of Eq. ͑1͒, as well as the other conditions specified above. Equation ͑18͒ gives the general form of the bulk spin wave dispersion relation for a uniaxially anisotropic material magnetized at any angle relative to the crystalline c axis in the magnetostatic approximation. If the anisotropy field H A is set to zero, this equation reduces to the well known dispersion relation for an isotropic ferrite material
For the case of a uniaxial material with the external field in the c plane, such that ϭ90°is satisfied, Eq. ͑18͒ reduces to the hexagonal ferrite dispersion relation of Joseph, Schlö-mann, and Bady. 21 Two other special cases of the spin wave dispersion relation will be useful for the two magnon calculations. The first is the dispersion relation corresponding to propagation along the internal field and static magnetization directions, such that k ϭ0 is satisfied. This represents the lowest possible spin wave frequency. This frequency is denoted as min and is given by
The second special dispersion relation is for propagation perpendicular to the static magnetization direction at k ϭ90°. This frequency, denoted as max , corresponds to the top of the spin wave band
͑21͒
Note that max depends on the azimuthal spin wave propagation angle k , while min does not depend on this angle. It is clear from Eqs. ͑14͒ and ͑18͒ that the spin wave dispersion will depend strongly on the orientation of the static field and magnetization vectors. As shown in Fig. 2 , this field value can vary over a wide range as the orientation angle of the external field is varied over the entire range of values from 0°to 90°. In the case of an isotropic material, the effect of this field variation is to shift the spin wave dispersion frequency band, relative to the FMR frequency, as is changed. For anisotropic materials, the effect is much more involved. The spin wave dispersion curves are not only shifted, but change in shape as well.
B. Spin wave dispersion and two magnon scattering
It is instructive to consider representative spin wave dispersion band diagrams for the three material cases introduced above. Such diagrams for YIG, Ba-M, and Zn-Y materials are shown in Figs. 5-7, respectively. In each case, band diagrams are shown for a range of external field orientations from out-of-plane at ϭ0°to in-plane at ϭ90°. For each diagram in a given figure, the value of the internal field H i was adjusted to produce the FMR peak response at a particular fixed FMR frequency and a range of illustrative external field orientations. Figure 2͑a͒ is for the field applied out of the plane at ϭ0°, 2͑b͒ is for ϭ45°, and 2͑c͒ is for ϭ90°. In each case, two specific dispersion branches of spin wave frequency k versus wave number k are shown.
The lower curve corresponds to spin waves at k ϭ0°, or propagation parallel to the static magnetization direction, as specified by Eq. ͑19͒ or by the frequency min of Eq. ͑20͒ for H A ϭ0. The upper curve corresponds to spin waves at k ϭ90°, or propagation perpendicular to the static magnetization direction, as specified by Eq. ͑19͒ or by the frequency max of Eq. ͑21͒ for H A ϭ0. The band of available spin waves consists of the regions between these lower and upper curves. The FMR frequency is indicated in each diagram by the solid circle. The horizontal shaded strips in ͑b͒ and ͑c͒ indicate the range of spin waves which are degenerate with the FMR frequency. These states will be important for the two magnon scattering interaction.
The important result in Fig. 5 for two magnon scattering is the shift of the band as the external field orientation is rotated from perpendicular to parallel. In the perpendicular configuration of ͑a͒, the bottom of the spin wave band at k ϭ0 is coincident with the FMR frequency and there are no nonzero k spin wave states at this frequency. In the parallel configuration of ͑c͒, the band has dropped down so that the top of the spin wave band at kϭ0 is coincident with the FMR frequency. There is now an extended range of spin wave states degenerate with the FMR frequency. These FIG. 5 . Diagrams showing bulk spin wave dispersion curves of spin wave frequency k vs wave number k for a thin YIG film and three orientations of the external static field, with the sample biased at the static field needed for FMR at 10 GHz. The lower curve in each diagram designates spin waves propagating parallel to the static internal field direction and the upper curve is for spin waves propagating perpendicular to the internal field direction. The region between the two curves represents the range of spin waves between these limiting case propagation directions. For ͑a͒ the static field is applied perpendicular to the film plane at ϭ0°. For ͑b͒ the static field is applied at ϭ45°. For ͑c͒ the static field is applied in the film plane at ϭ90°. The FMR frequency is indicated by the large solid circles. In ͑b͒ and ͑c͒, the narrow band of spin wave modes, which is degenerate with the FMR frequency, is indicated by the shaded region.
FIG. 6. Bulk spin wave dispersion diagrams for a thin Ba-M film and four orientations of the external static field, with the sample biased at the static field needed for FMR at 50 GHz. The top part of each set of diagrams shows calculated dispersion curves in the usual spin wave frequency k vs wave number k format used in Fig. 5 . For the upper diagrams, the top curves in ͑a͒ and the top pair of curves in ͑b͒, ͑c͒, and ͑d͒ correspond to a polar spin wave angle k of 90°, and the bottom curves in ͑a͒-͑d͒ correspond to k ϭ0°. The horizontal dashed line in ͑a͒ and the hatched line in ͑b͒-͑d͒ indicates the FMR frequency. The bottom part of each set shows schematic illustrations of the spin wave bands in three dimensions, with the azimuthal spin wave propagation angle k out of the page. For these lower diagrams, the top shaded surface corresponds to k ϭ90°and the bottom shaded surface is for k ϭ0°. The middle horizontal plane, which crosses all the diagrams, indicates the FMR frequency. For diagram set ͑a͒ the static field is applied perpendicular to the film plane at ϭ0°. For set ͑b͒ the static field is applied at ϭ60°. For set ͑c͒ the static field is applied at ϭ75°. For set ͑d͒ the static field is applied in the film plane at ϭ90°.
FIG. 7.
Bulk spin wave dispersion diagrams for a thin Zn-Y film and three orientations of the external static field, with the sample biased at the static field needed for FMR at 10 GHz. The top part of each set of diagrams shows calculated dispersion curves in the usual spin wave frequency k vs wave number k format used in Fig. 5 . For the upper diagrams, the top curves in ͑a͒ and the top pair of curves in ͑b͒ and ͑c͒ correspond to a polar spin wave angle k of 90°, and the bottom curves in ͑a͒-͑c͒ correspond to k ϭ0°. The horizontal dashed line in ͑a͒ and the hybrid dashed-hatched line in ͑b͒-͑c͒ indicate the FMR frequency. The bottom part of each set shows schematic illustrations of the spin wave band in three dimensions with the azimuthal spin wave propagation angle out of the page. Note that the orientation of the k axis is reversed from the k axis in Fig. 6 . For these lower diagrams, the top shaded surface corresponds to k ϭ90°and the bottom shaded surface is for k ϭ0°. The middle horizontal plane which crosses all the diagrams indicates the FMR frequency. For diagram set ͑a͒, the static field is applied perpendicular to the film plane at ϭ0°. For set ͑b͒, the static field is applied at ϭ7.5°. For set ͑c͒, the static field is applied at ϭ90°.
states range from spin waves at kϭ0 for k ϭ90°to rather large k values at k ϭ0°. Note that the maximum value of k for degenerate states is in the range 3 -4ϫ10 5 rad/cm, or wavelengths in the 0.2 m range.
The shift in the frequency of the spin wave band relative to the YIG film FMR frequency as H ext is rotated from ϭ0°to ϭ90°is due to two effects. First, it is evident from Fig. 2͑a͒ that the external field required for ferromagnetic resonance at 10 GHz, H FMR , is much larger at ϭ0°than at ϭ90°. From the results in Fig. 2͑a͒ , H FMR drops from over 5 kOe for ϭ0°to less than 1 kOe for ϭ90°. The corresponding internal field H i also drops as the static field is rotated from perpendicular to parallel. Second, the changing role of the static and dynamic demagnetizing fields works to position the thin film FMR frequency precisely at the bottom of the kϭ0 spin wave band limit at ϭ0°and precisely at the top of the kϭ0 band limit for ϭ90°.
The net effect of these FMR and spin wave band shifts is a variation in the availability of spin wave states at the FMR frequency with angle. Since these are the spin wave states which can contribute to two magnon scattering relaxation, one is able to vary this contribution to the overall relaxation simply by rotating the direction of the static field used to produce the FMR response. If two magnon processes are important, the profile of FMR linewidth ⌬H versus the field angle at fixed frequency will be different from the constant 1/T profiles shown in Fig. 3 . These differences can provide a signature profile for the two magnon scattering process.
Turn now to the dispersion relations for anisotropic Ba-M and Zn-Y films. As made explicit in Eqs. ͑18͒, ͑20͒, and ͑21͒, the spin wave frequencies in these materials depend, in general, on the azimuthal spin wave propagation angle k as well as the polar angle k and the wave number k. It is now necessary to include k as a parameter when dispersion curves are computed. Examples of the anisotropic spin wave band for the case of a Ba-M film and an FMR frequency of 50 GHz are shown in Fig. 6 . The upper diagrams show calculated curves in the two dimensional k vs k format of Fig. 5 . The lower diagrams show three dimensional plots of k as a function of k and k . Figure 5͑a͒ is for ϭ0°. Figures 5͑b͒ and 5͑c͒ are for ϭ60°and ϭ75°, respectively. Figure 5͑d͒ is for ϭ90°. Note the k axis scale in the lower set of diagrams, which was chosen to provide the best perspective view of the spin wave band.
The curves in the upper diagrams and the two shaded curved surfaces in the lower diagrams correspond to different ( k , k ) combinations. The bottom curved surfaces in the lower diagrams are for k ϭ0°and the upper curved surfaces are for k ϭ90°. Corresponding projections of the edge curves for k ϭ0°and k ϭ90°from the bottom diagrams yield the curves shown in the upper diagrams. The bottom curves in the upper diagrams, for example, are all for k ϭ90°and do not depend on k . The other projections are clear from the diagrams. The main effect of the anisotropy is to produce spin wave frequency surfaces as a function of k and k for fixed values of k . When the applied field is such that the rotational symmetry is broken, e.g., when is any angle except zero and k is also any angle except zero, the k surface is warped. The warp is most pronounced at ϭ90°a nd k ϭ90°.
Turn now to the FMR response. The dashed line in the upper diagrams and the horizontal plane in the lower diagrams, both labeled as FMR, indicate the FMR frequency of 50 GHz which is common to all the diagrams. This FMR frequency is the same as for Fig. 2͑b͒ . The shaded strip in the upper diagrams and the shaded part of the FMR plane in the lower diagrams indicate the range of spin wave modes with k the same as the FMR frequency. The basic effect conveyed by the diagrams in Fig. 6 for the c plane Ba-M film is the same as for the isotropic YIG film. As one moves from the perpendicular FMR configuration at ϭ0°to the parallel FMR case at ϭ90°, with the external field adjusted to keep the FMR frequency constant, the spin wave band of frequencies shifts relative to the FMR frequency and there is a substantial change in the spin wave states which are degenerate at this frequency. The situation at ϭ0°shown in the left-most diagrams in Fig. 6 , is the same as for the YIG case: no degenerate spin wave states except at kϭ0. Now, as is increased from zero, the entire band moves down in frequency and various spin wave states move into the FMR frequency strip in the upper diagrams or FMR frequency cut in the lower diagrams of Fig. 6 .
The situation here, however, is more complicated than for YIG. In order to understand the evolution of the degenerate spin wave states with angle , it is necessary to follow in detail the change in the shaded part of the FMR frequency cut in the lower diagrams in Fig. 6 . Consider the lower part of ͑b͒, for example. As long as is not increased too much, the FMR frequency cut extends across the spin wave band in such a way that there are degenerate states for all values of all k from 0°to 90°and k values from zero out to some mzximum cut-off defined by the k ϭ0°edge of the band. This range of degenerate spin wave states is indicated by the shaded part of the FMR frequency cut in the lower part of Fig. 6͑b͒ for ϭ60°and the shaded strip in the upper part. The situation changes as one moves to ϭ75°and Fig. 6͑c͒ . Now, as shown by the shaded part of the FMR frequency cut in the lower diagram of the set, the available degenerate spin waves become more limited. Here, for small values of k, the allowed k values for degenerate spin waves range from some lower k limit up to k ϭ90°. This lower k limit increases and approaches 90°as one moves up to an external field angle ϭ90°and a parallel FMR configuration. This degenerate spin wave situation is indicated by the very small shaded section of the FMR frequency cut for the lower part in Fig. 6͑d͒ . The details of these changes in the available degenerate spin wave states as is varied will have important consequences for two magnon scattering. Figure 7 shows the evolution in the spin wave band with the external field angle for Zn-Y and an FMR frequency of 10 GHz. The format is the same as for the Ba-M diagram in Fig. 6 and will not be described in detail. There are several important differences between the Zn-Y and Ba-M diagrams. The Zn-Y film represents an easy-plane rather than an easy-axis situation. The first effect of this change in anisotropy is that the warped spin wave band surfaces are reversed. Although the warped surfaces look the same in Fig. 7 as in Fig. 6 , note that the k axes are reversed. The second effect is in the movement in the band relative to the FMR frequency as the field angle is changed. For the perpendicular configuration and ϭ0°, the FMR frequency point is located at the very bottom of the band, as before. For the parallel configuration and ϭ90°, however, the FMR frequency point is at the bottom of the warped k ϭ90°spin wave surface at kϭ0, rather than at the top of this surface. There are never any excluded k modes from the two magnon scattering process. As the field angle is rotated from 0°t o 90°, the spin wave band moves only part way down and there is no drastic change in the degenerate state situation as for Ba-M. One would expect that the two magnon linewidth profile for Zn-Y would be much simpler than for either Ba-M or for YIG films.
IV. TWO MAGNON SCATTERING THEORY
The two magnon relaxation rate corresponds to the rate at which energy is transferred from the uniform precession to degenerate spin waves due to the presence of magnetic inhomogeneities. It is assumed that these excited spin waves then relax to the lattice extremely rapidly and do not affect the two magnon decay. The basic formalism has been taken over from the analysis developed by SLK. 4 This section is divided into three parts. The first part takes the SLK scattering relaxation rate as a starting point, and introduces several modifications which make the analysis more practical and applicable. The second part provides a detailed and specific development of the scattering integrals and limits which must be invoked to perform practical two magnon scattering calculations. The third part presents a qualitative and diagrammatic discussion of these spin wave regimes which contribute to the scattering.
A. A modified SLK two magnon scattering model
For a scattering inhomogeneity of a given size, the SLK model predicts the rate at which energy is coupled from the uniform precession of the magnetization vector over the entire sample, which is excited through the FMR response, to a particular spin wave due to the dipolar interaction between the scatterer and the spin wave. The net relaxation rate is then found from adding up the rates for all degenerate spin wave states for all of the scatterers in the sample. In the original SLK treatment, the scattering inhomogeneity was modeled as a spherical void in an infinite sample. The assumption of spherical symmetry leads to a k-dependent coupling between the uniform precession and the degenerate spin waves. That is, spin waves which propagate in certain directions and at certain k values couple more strongly to the uniform mode than others. This k dependence is due to the geometry of the dipole fields associated with the void. The SLK treatment then applied this result for a single spherical void to a sample with many identical scatterers by assuming that these scatterers operate independently.
One problem in the SLK formalism is that k-dependent scattering is associated directly with the spherical nature of the void used for the analysis. Modifications were also introduced to account for the expected occurrence of many nonspherical scatterers. Nonspherical scatterers were included through the addition of an ad hoc constant term to the kdependent scattering factor in the coupling function. 19 Further comments on this modification will be given below. The SLK calculation has also been applied to the case of an obliquely magnetized thin film, 18 but the analysis was restricted to isotropic materials and spherical void scattering.
It is important to establish a clear connection between the relaxation rate obtained from the SLK approach and the linewidths which are obtained in the experiment. For a given two magnon relaxation rate 1/T TM , the FMR frequency linewidth is simply ⌬(/␥)ϭ1/␥T TM . Once the frequency linewidth is determined, the field linewidth ⌬H for two magnon scattering can be found from Eq. ͑10͒. It should be noted that many treatments specify the relaxation time m associated with the decay of the dynamic magnetization amplitude rather than the decay of the energy associated with the dynamic magnetization. In that case, the frequency linewidth is given by ⌬(/␥)ϭ2/␥ m . 38 The presentation here will use energy decay as the basic decay rate.
Several modifications have been made to the SLK approach. First, in order to deal with anisotropic films, the SLK treatment has been extended to account for the effects of anisotropy on both the FMR response and the spin wave dispersion properties. Second, the scattering calculation has been modified to include scattering into a band of nearly degenerate spin waves with a frequency width which corresponds to an average frequency linewidth for the scattered spin waves. This allows the subsequent relaxation of these scattered spin waves to be included in the analysis in a simple and intuitive manner. Third, specific calculations of angle dependent linewidths have been made for two limits: ͑i͒ a ''spherical void scattering'' limit in which the kdependent scattering factor from the SLK model is assumed to apply and ͑ii͒ an ''isotropic scattering'' limit in which this scattering factor is assumed to be k-independent and equal to its average value over all angles. It is clear that purely spherical voids represent a poor approximation to the inhomogeneities in real materials. One would expect that these two limits would bracket the real physical situation for ferrite films with various microstructure properties.
The main result of the SLK theory is an expression for the relaxation rate due to a single scatterer. This rate is determined from a Fermi golden rule calculation and can be written as
͑22͒
Here, ប is Planck's constant, ␦(ប k Ϫប) is the Dirac delta function, and the ͓F(k)͔ 2 factor represents the coupling between the spherical void and the degenerate spin waves. The sum spans the various k values in the spin wave band, but with the uniform mode excluded.
The F(k) coupling factor is given by
Here, R is the scatterer radius, is the Bohr magneton, V is the sample volume, and j 1 (kR) is the first spherical Bessel function. In addition to the development in the original SLK paper, a detailed derivation of Eqs. ͑22͒ and ͑23͒ is given by Haas and Callen. 39 It is useful to note that ␥, the magnitude of the electron gyromagnetic ratio, is given by ␥ϭ2/ប. The matter of units will be considered shortly.
Equations ͑22͒ and ͑23͒ are the key working equations for two magnon scattering calculations. The net relaxation rate is in the form of a sum over all k states. The sum is weighted by the Dirac delta function. This insures that only degenerate spin waves, that is, spin waves with k ϭ, are included in the summation. Each relaxation rate sum term is proportional to ͓F(k)͔ 2 , which is related to the interaction energy between the uniform mode and the spin wave at wave vector k.
In practice, the Dirac delta function in Eq. ͑22͒ should be replaced by a function of finite width in order to account for the subsequent relaxation of the degenerate spin waves. One simple approximation to the delta function which has finite width and unit area is
͑24͒
Here, ⌬ i is the intrinsic frequency linewidth which characterizes the magnetic loss for the material in the absence of two magnon scattering. This linewidth is taken to be an order of magnitude estimate to describe the intrinsic relaxation of the degenerate spin waves.
Turn now to the ͓F(k)͔ 2 term. Note that ͓F(k)͔ 2 varies as M s 2 . This dependence on the square of the magnetization reflects the dipole-dipole origin of the two magnon scattering interaction. The specific form of the (3 cos 2 k Ϫ1) 2 term is due to the assumption of spherically shaped scatterers. Because of the spatial dependence of the dipole field associated with the spherical void, spin waves which propagate in certain directions couple more strongly to the scatterer than others. For a spin wave propagating parallel to the static magnetization direction, at k ϭ0, (3 cos 2 k Ϫ1) 2 is equal to 4. For a spin wave propagating perpendicular to the z axis at k ϭ90°, (3 cos 2 k Ϫ1) 2 is equal to 1. For cos 2 k ϭ1/3, or k ϭ54.7°, this angular coupling function is equal to zero. Spin waves at this propagation angle do not participate in the two magnon process at all. The use of the (3 cos 2 k Ϫ1) 2 term will be identified as ''spherical void scattering.'' The vanishing of the two magnon coupling at k ϭ54.7°for spherical void scattering is related to properties of the dipole field around the void. If one considers a conical surface defined by all rays which extend away from the void at an angle of 54.7°relative to the saturation magnetization direction, the static dipole field along this surface is always perpendicular to the static magnetization. The dynamic dipole field associated with the uniform precession is, therefore, parallel to the direction of the static magnetization. The SLK analysis shows that this parallel dynamic field does not couple to spin waves propagating in the coincident direction at k ϭ54.7°.
In addition to the assumption of spherical inhomogeneities and the corresponding (3 cos 2 k Ϫ1) 2 coupling term, it will be useful to consider possible angle dependences for the case of nonspherical scatterers. In order to model the effect of nonspherical inhomogeneities, it is reasonable to replace (3 cos 2 k Ϫ1) 2 with its average value over all solid angles of 0.8. This approach is designated ''isotropic scattering. '' It is important to note that Sparks, 18 Seiden and Sparks, 19 and Sage 20 have all proposed various modifications to the SLK model to account for nonspherical scatterers. In each case, the resultant angular coupling function included both spherical void and isotropic scattering terms. The present approach appears to be intuitively plausible and operationally convenient.
Consider now the role of the ͓ j 1 (kR)/kr͔ 2 term in the relaxation rate expression. This function has a value of 1/9 for kRϭ0 and is essentially zero for kRϾ. This factor insures that the degenerate spin waves which participate in the two magnon process have wavelengths on the order of the scatterer size or larger. This means that for large inhomogeneities, only spin waves with low wave numbers can contribute. For smaller inhomogeneities, higher wave number spin waves can participate. For very small R values, degenerate spin waves with all available k values can contribute appreciably to the scattering. It will be seen that the size of the scattering inhomogeneities will have a significant effect on the shape of the linewidth versus field angle profile.
For simplicity, and following the SLK approach, it is assumed that the material contains N independent, identical scatterers of radius R. The net linewidth is then given by Eq. ͑22͒ multiplied by a factor of N.
B. Two magnon scattering integrals and limits
In order to evaluate the two magnon relaxation rates, it is useful to convert the sum over k states to an integration over k space. The sum in Eq. ͑22͒ is replaced by an integral.
The factor V/8 3 represents the number of states per unit volume in k space. The two magnon relaxation rate 1/T TM for N scatterers is given by
It is more useful, however, to cast Eq. ͑26͒ in a form for which the integration limits directly reflect the spin wave band and range of degenerate states. To do so, it is necessary to eliminate the G(, k ) function in the integrand. Since G(, k ) is equal to 1/ប⌬ i for degenerate spin waves but is zero otherwise, this function can be replaced by 1/ប⌬ i if the integration limits are modified appropriately. The first integration, over the cos k variable, reflects the range of k values for the degenerate spin waves for a given k and k . The second integration is over k . For an isotropic material, this integration is trivial because the spin wave dispersion relations show no dependence on the k . For a uniaxial material, the k dependence can play a significant role and may result in a modification to the integration limits as well. The third integration is over the wave number k. In terms of the new integration limits, the two magnon relaxation rate may be written as
Here, p is the ratio of total scatterer volume to the sample volume, 4R 3 /3V. The condition ␥ϭ2/ប has been invoked to eliminate and ប from the relaxation rate expression. In the format of Eq. ͑27͒, the various units are clear. Both ␥4M s and ⌬ i have units of rad/s, so that 1/T TM also has units of rad/s.
The a(k, k ) and b(k, k ) limit functions for the cos k integral are derived from the anisotropic spin wave dispersion relation of Eq. ͑18͒. The a(k, k ) and a(k, k ) functions give the value of cos k when the spin wave frequency k is at the top or bottom of the finite width band of nearly degenerate states, respectively, or at k ϭϮ⌬ i /2. These functions may be written as
͑28͒
The Ϯ signs apply to a(k, k ) and a(k, k ), respectively. The frequencies min and max are the same as given by Eqs. ͑20͒ and ͑21͒. The limit values of zero and one for a(k, k ) and b(k, k ) apply when the wave number k is greater than the largest value of k allowed by the dispersion or when k is less than the smallest allowed value, respectively. When both limits are zero or one, of course, the integral will vanish. The function f (k) represents the minimum value of k at k ϭ for a given field orientation. This f (k) may be written in implicit form through the condition
͑29͒
Equation ͑29͒ is valid provided that the right hand side is positive and less than or equal to 1. Otherwise, the function f (k) is simply zero. By this definition, f (k) is zero for an isotropic material where H A ϭ0.
C. Discussion of two magnon scattering regimes
The a(k, k ), b(k, k ), and f (k) limits can best be understood from graphical illustrations of the cos k and k integrations. The cos k integration is placed in perspective in Fig. 8 . The figure shows various spin wave dispersion curves of frequency k as a function of wave number k, all for a given value and orientation of the external magnetic field and some specific azimuthal spin wave propagation angle k . The format is the same as with the previous two dimensional spin wave band diagrams. The top and bottom dispersion branches are shown as solid curved lines labeled min and max , respectively. These curves correspond to the dispersion curves for k ϭ90°and k ϭ0°, as in previous diagrams. The point labeled FMR denotes the FMR frequency and the operating frequency of interest. Given the orientation angle for the static external field, H ext , the value of the field has been set to yield this FMR frequency.
The solid horizontal lines in Fig. 8 delineate the range of degenerate spin wave states which are within 1/2⌬ i of the operating frequency. This width has been exaggerated for the sake of illustration. For FMR frequencies in the GHz range, this degenerate band of states typically will have a width in the range of several tenths of a MHz to tens of MHz, depending on the intrinsic loss level of the ferrite film under consideration. The intersection of this horizontal band with the overall spin wave band from min to max gives the region of states in k and k , for a given k , which contribute to the two magnon scattering. In order to illustrate the cos k integration limits, the diagram shows a particular k value as indicated by the vertical dashed line. The intersections of this line with the horizontal scattering band limits are indicated by the solid circles. The dashed curves through these two solid circles further identify spin wave dispersion curves at values of cos k equal to a and b, as indicated. These a and b values correspond to the a(k, k ) and b(k, k ) integration limit functions introduced above.
It is straightforward to understand the cos k integral in Eq. ͑27͒ from the diagram. This integral simply scans those states in k along the vertical dashed line at constant k, from the a intersection point specified by cos k ϭa(k, k ), to the b intersection point specified by cos k ϭb(k, k ). If the chosen k or k values are such that either or both intersection points fall below the solid min curve, one simply sets the corresponding cos k limit to zero. If the chosen k or k values are such that either or both intersection points fall above the solid max curve, one simply sets the corresponding cos k limit to one. These assignments for a(k, k ) and b(k, k ) are expressed analytically through Eqs. ͑28͒ and ͑29͒.
It is clear from Fig. 8 that the a(k, k ) and b(k, k ) integration limits are related to the width ⌬ i , while a 1/⌬ i dependence is present in the prefactor of Eq. ͑27͒. As long as ⌬ i Ӷ is satisfied, the two magnon linewidth is essentially independent of ⌬ i . It should also be noted that because there is another spin wave state at Ϫ k which is also degenerate, the introduction of the a(k, k ) and b(k, k ) limits is accompanied by an overall multiplication by a factor of 2.
Turn now to the azimuthal angle k integration. Note that the integration in Eq. ͑26͒ was from 0 to 2. By symmetry this integral can be evaluated over 0 to /2 and then multiplied by a factor of 4. This factor of 4 is taken into account in Eq. ͑27͒. Equation ͑27͒ shows that, in addition, the lower limit on the k integration is f (k) rather than zero. As discussed above, the f (k) function will be zero for isotropic materials with H A ϭ0. For anisotropic materials, however, the distortion of the spin wave band and the additional dependences of the spin wave frequency on k can lead to the exclusion of low k states from the scattering integral. This effect is evident from the three dimensional dispersion diagram in ͑c͒ of Fig. 6 for the Ba-M film and ϭ75°.
This same diagram is shown in Fig. 9͑a͒ . Figure 9͑b͒ shows the same constant frequency cut as a graph of k vs k. These graphs show that, under appropriate circumstances and for values of the wave number k below some upper limit value, the range of degenerate spin wave states is from some nonzero value of k up to /2. Under such circumstances, the f (k) function of Eq. ͑30͒ gives this lower limit k value. For the example of Fig. 9 , the f (k) function describes the curved lower left boundary for the shaded region of the graph in ͑b͒. Note that this lower k limit is a function of the wave number k for low k but becomes zero at larger wave number. The point where this function becomes zero corresponds to the wave number for which the right hand side of Eq. ͑30͒ becomes zero. Note that the top k limit is always 90°, independent of k.
It should also be noted that the f (k) is nonzero only for the case of an easy-axis material magnetized near the out-ofplane direction. Figures 6͑a͒ and 6͑b͒ show no such k cuts of the sort evident for ͑c͒ and ͑d͒. Moreover, for an easyplane material such as Zn-Y, the f (k) function is always zero, regardless of the field orientation. This result is evident from the three dimensional diagrams in Fig. 7 . In these diagrams, the constant frequency cuts all include the full range of k values.
Turn finally to the integration over wave number k. While the limits on the k integral are shown as zero to infinity, there is always an upper limit on k for which the line of degenerate states extends outside the spin wave band. This k cut-off is evident from all of the diagrams in Figs. 5-9. The explicit cut-off value of k, k cut , is obtained from Eq. ͑20͒ for min . One simply sets min in Eq. ͑20͒ equal to FMR and solves for kϭk cut . Note that the two control parameters in Eq. ͑20͒, the internal static effective field H i and the equilibrium static magnetization angle , are specified through H ext and . The FMR frequency FMR is also specified through H ext and . In addition to this k state cut-off because of the spin wave band limits, there is also a practical cut-off through the j 1 (kR) function. The value of this spherical Bessel function in the integrand of Eqs. ͑26͒ and ͑27͒ is small for large values of kR. For practical purposes, j 1 (kR) can be set to zero for k values greater than /R.
In closing this section, it is useful to enumerate the sequence of operations to calculate two magnon relaxation rates. ͑1͒ One first chooses the film material, the basic materials parameters ␥, 4M s , K U and H A , and an intrinsic frequency linewidth ⌬ i . ͑2͒ One then chooses an operating frequency and solves ͑i͒ the static equilibrium problem and ͑ii͒ the FMR problem to obtain the FMR field, H FMR , the internal field H i , the static magnetization angle , and the value of k cut , all as a function of the external field angle for all values of interest between 0°and 90°. ͑3͒ One then chooses inhomogeneity parameters R and p. ͑4͒ One then chooses either the ''spherical void scattering'' limit and incorporates the full (3 cos 2 k Ϫ1) 2 angle term in Eq. ͑27͒, or   FIG. 9 . Schematic illustration of the regime of degenerate spin wave states for a Ba-M sample magnetized in an oblique direction such that the FMR cut in Fig. 6 intersects the top k ϭ90°surface. ͑a͒ shows the spin wave band in three dimensions, in the same format as in the lower diagram of set ͑c͒ in Fig. 6 . As in Fig. 6 , the thin band of degenerate spin wave states at the FMR frequency is indicated by the cross-hatched region. ͑b͒ shows this hatched region in a two dimensional plot of azimuthal spin wave angle k vs wave number k. The function f (k) for the lower limit of the k integration in Eq. ͑27͒, defined mathematically through Eq. ͑30͒, is indicated by the curve labeled k ϭ f (k) in ͑b͒.
selects the ''isotropic scattering'' limit in which this term is replaced by its average value of 0.8 over all solid angles. One is now in a position to evaluate a two magnon relaxation rate 1/T TM at these different values of , and hence, to obtain information on the two magnon frequency linewidth 1/␥T TM or the corresponding field linewidth ⌬H as a function of or . For each , this 1/T TM is obtained from Eq. ͑27͒. For a given value, the first step is to determine the effective internal field H i as given by Eq. ͑14͒. One can then write explicit expressions for a(k, k ) and b(k, k ) based on Eqs. ͑28͒, ͑20͒, and ͑21͒. In order to evaluate Eq. ͑27͒, the integral over cos k should be performed first. This integration can be done analytically. The result is a complicated double integral over k and k which can be handled by a number of numerical methods. One approach would be to use a quadrature algorithm for the k integration nested within a second quadrature algorithm for the k integration.
V. EXPLICIT TWO MAGNON LINEWIDTH VERSUS ANGLE RESULTS
In this section, some representative two magnon results are presented. These are shown in terms of the frequency swept linewidth ⌬͑/␥͒ and field swept linewidth ⌬H versus the angle between the static magnetic field and the film normal. Various linewidth angle profiles for the YIG, Ba-M, and Zn-Y materials, different size voids, and different scattering limits are shown. These results will demonstrate the different types of linewidth angle profiles which can result from two magnon scattering.
Recall from Eq. ͑9͒ that the frequency linewidth ⌬͑/␥͒ is simply proportional to the relaxation rate. This means that the angle dependences for ⌬͑/␥͒ are identical to those for 1/T. The only difference is that ⌬͑/␥͒ conveniently expresses the calculated losses in terms of magnetic field units which correspond to linewidths. Recall as well that the field swept resonance linewidth ⌬H can have significant angle dependences even for a constant 1/T or, therefore, a constant ⌬͑/␥͒. For YIG films and frequencies in the 10 GHz range and above, the ⌬͑/␥͒ and ⌬H profiles are almost the same. This is due to the relatively small saturation induction and the nearly parallel alignment of H ext and M s as the field is rotated from out-of-plane to in-plane and H ext is adjusted to satisfy the requisite FMR condition at a given angle. For uniaxial and planar anisotropy materials, however, the larger 4M s values and large anisotropy fields cause the angle between H ext and M s to vary considerably as one sweeps the field through the FMR response curve. This leads to a significant difference in the angle profiles for ⌬͑/␥͒ and ⌬H in these materials.
The ␥, 
A. Linewidth versus angle profiles: Basic dependences
It will be useful to develop first a qualitative picture for the expected angle dependences and the effect of scatterer size and type on the linewidth versus angle profiles. These issues are best addressed for the case of an isotropic material where H A ϭ0 because of the considerable simplifications to the FMR field and spin wave dispersion expressions which result in this limit.
As a further simplification, the angle dependence of the relaxation rate is easiest to understand for the case of isotropic scattering. The effect of scatterer size on the linewidth versus profile will be first examined for this limit. For isotropic scattering, the coupling between the uniform mode and the degenerate spin waves does not depend on the spin wave propagation direction. In this case, the relaxation rate is simply related to the number of degenerate spin waves which lie below the cut-off wave number kϭ/R and the corresponding weighting of these states according to ͓ j 1 (kR)/kr͔ 2 coupling term in the scattering integral. For the case of very small scatterers, such that /R is much greater than the largest available k value at ϭ90°, all of the available degenerate spin waves at a given participate equally in the scattering. In this situation, the only consideration which contributes to the angle dependence of the FMR linewidth at constant frequency is the variation in the number of degenerate states with . All states out to the largest available k value for the specified value, taken as k cut , contribute. These contributions are weighted, of course, according to ͓ j 1 (kR)/kr͔ 2 . This effect was shown through the dispersion diagrams in Fig. 5 . These same dispersion diagrams are repeated in Fig. 10 , along with an additional diagram which shows the resulting two magnon frequency linewidth 1/␥T TM as a function of . Figures 10͑a͒, 10͑b͒, and 10͑c͒ show the spin wave dispersion diagrams for three different field orientations as in Fig. 5 . These diagrams include, however, additional vertical dashed lines which indicate the position of the /R cut-off wave number for two magnon scattering from the j 1 (kR) term in the F(k) coupling function of Eq. ͑23͒. For very small scatterer sizes, R is also very small and these /R lines are always outside the spin wave band at the FMR frequency point. This means that the entire band of degenerate states indicated by the shaded horizontal strip of modes in ͑b͒ and ͑c͒ contributes to the two magnon scattering losses. Figure 10͑d͒ shows the frequency linewidth as a function of the field angle which results. For small angles, the spin wave band is high in frequency, few states are degenerate, and the resulting relaxation rate is small. In the limit →0, the number of degenerate states goes to zero as well for a thin film of infinite extent, and the two magnon linewidth also goes to zero. As the angle is increased, however, the spin wave band shifts down in frequency relative to the FMR frequency position, more and more states become degenerate with the FMR frequency, and the linewidth increases. As one approaches the parallel field FMR condition at ϭ90°, one reaches the configuration with the maximum number of degenerate spin waves and the two magnon linewidth reaches a maximum. It should be emphasized that the linewidth versus angle profile result in Fig. 10͑d͒ is for: ͑i͒ isotropic scattering and ͑ii͒ very small scatterer sizes. The profile which results is a reflection of the variation in the number of degenerate spin waves with angle, and no other effects.
For YIG parameters and an FMR frequency in the GHz regime, the results in Fig. 10 would correspond to small scatterers with sizes on the order of 0.05 m or smaller. If one were to increase the size of the scatterers, one could move the /R cut-off wave number inside the spin wave band for values above some lower limit. This effect, the resulting change in the scattering, and the change in the linewidth versus field profile for a large scatterer size are shown in Fig. 11 . The format of Fig. 11 is the same as Fig. 10 , with spin wave band diagrams in ͑a͒, ͑b͒, and ͑c͒, and a linewidth versus diagram in ͑d͒. Note that for ͑b͒ and ͑c͒, the vertical dashed lines at kϭ/R are now well inside the spin wave band at the FMR frequency. The solid line in ͑d͒ shows the calculated two magnon linewidth versus angle profile and the dashed line repeats the result from Fig. 10͑d͒ .
As shown by the kink in the solid curve in Fig. 11͑d͒  near ϭ15°or so, and departure of the solid line from the dashed line at larger values, the change from a small scatterer size to a large scatterer size has a drastic effect on the linewidth versus angle profile. At small values of , as long as k cut is less than /R, the two magnon linewidth is the same as in Fig. 10 . This result is shown by the part of the solid curve in Fig. 11͑d͒ out to 10°or so. The kink in ͑d͒ occurs at the value for which /Rϭk cut is satisfied. For larger values, k cut is now greater than /R. Now, the modes which can contribute to the two magnon scattering truncate at kϭ/R rather than at k cut and the two magnon linewidth is reduced from the dashed line result in ͑d͒ to the solid line result. The space between the solid line and the dashed line in ͑d͒ represents those modes between kϭ/R and kϭk cut which are now excluded from the scattering process. As a result, the linewidth continues to increase with angle, but at a lower rate than for the case of small scatterers. The increase in linewidth with is now due to the increase in the number of degenerate states for the low k modes only, that is, those modes which satisfy the condition kϽ/R.
The results in Figs. 10 and 11 show how the details of the microstructure affect the two magnon linewidth versus field angle profile for thin films. The truncation effect which is evident from the solid and dashed curves in Fig. 11͑d͒ shows that the size of the scatterer plays a crucial role in shaping these profiles. For the example shown, one can see that the position of the kink in the profile, if such a kink can be observed, ͑i͒ indicates a relatively large scatterer size and ͑ii͒ provides a direct indication of the size of the scatterer. In the case of YIG parameters, a kink should be observable for FIG. 10 . ͑a͒-͑c͒ show schematic spin wave dispersion curves of spin wave frequency k vs wave number k. These diagrams are for a thin isotropic film and three orientations of the external static field with the sample biased at the static field needed for FMR at some constant frequency, as indicated. These diagrams follow the same format as Fig. 5 . For ͑a͒ the static field is applied perpendicular to the film plane at ϭ0°. For ͑b͒ the static field is applied at some intermediate angle. For ͑c͒ the static field is applied in the film plane at ϭ90°. The shaded horizontal regions in ͑b͒ and ͑c͒ show the band of available degenerate spin wave states for two magnon scattering in each case. The vertical dashed line at kϭ/R in each diagram shows the position of the effective wave number associated with an inhomogeneity radius R. For these diagrams, a small size inhomogeneity is assumed, so that the kϭ/R point is always outside the spin wave band at the FMR frequency. The solid line in ͑d͒ shows the variation in the two magnon scattering frequency swept linewidth 1/␥T TM with the external field angle. scatterer sizes greater than 0.1 m or so. Specific numerical results which demonstrate these effects will be shown shortly.
For the isotropic scattering option used for Figs. 10 and 11, all of the degenerate spin waves with kϽ/R and all the corresponding available k values are taken to scatter equally. If one considers the case of spherical void scattering, one must insert the k dependent scattering factor back into the analysis. Recall that as one moves across the horizontal band of degenerate spin waves indicated by the shaded stripes in ͑b͒ and ͑c͒ of Figs. 10 and 11 , the spin wave angle k is changing. For the diagrams as shown, k is generally decreasing as one moves from lower to higher k values. The presence of the (3 cos 2 k Ϫ1) 2 term in the scattering integral results in certain spin waves being weighted more heavily than others. This weighting produces additional angle dependences in the linewidth versus field angle profiles. Generally, these additional effects are more pronounced for large scatterer sizes than for small scatterers.
For small scatterers, as indicated above, all of the degenerate modes across the band must be considered. One has, in effect, an average of the additional (3 cos 2 k Ϫ1) 2 angle factor over all the available k values from zero to k cut . This will tend to smear out the explicit k dependences which are introduced through the (3 cos 2 k Ϫ1) 2 factor. When the scatterer radius R is large, on the other hand, the scattering contributions become limited to relatively low wave numbers which satisfy kϽ/RӶk cut over all but the smallest values of the field angle . This limitation translates to the selection of a small range of k values for each value which generally ranges from k Ϸ0°at ϭ0°to k Ϸ90°at ϭ90°. In this limit, the (3 cos 2 k Ϫ1) 2 coupling term for spherical void scattering can dominate the linewidth versus profile character. Figure 12 shows numerical results for the effects just discussed. The graphs show the calculated two magnon scattering frequency linewidth ⌬(/␥)ϭ1/␥T TM as a function of external field angle for a YIG film of infinite extent. At each value, the external field was adjusted for an FMR frequency of 10 GHz. The YIG material and microwave parameters were taken to be the same as those used for the numerical results shown earlier. Figure 12͑a͒ is for scatterers with a radius Rϭ0.04 m. Figure 12͑b͒ is for scatterers with a radius Rϭ0.1 m. Figure 12͑c͒ is for scatterers with a radius Rϭ0.2 m. These particular R values were chosen to demonstrate the role of the scatterer size on the linewidth profiles. The isotropic scattering results are shown by the solid lines and the results for spherical void scattering are shown by the dashed lines. The ratio of the total scatterer volume to the sample volume p was always taken to be 0.01, for a nonmagnetic volume of 1%.
B. Linewidth angle profiles for thin and thick YIG films
Consider the results for the isotropic scattering model first. For the smallest inhomogeneity size, Rϭ0.04 m, the solid curve in ͑a͒ shows that the relaxation rate increases steadily with field angle. In this case, the small scatterer size places /R well above the highest value of k for degenerate modes at k cut ϳ3.8ϫ10 5 rad/cm for ϭ90°. As in Fig. 10 , the increase in linewidth with angle shown by the solid line in Fig. 12͑a͒ simply reflects the increase in the number of degenerate states with angle and the k-dependent ͓ j 1 (kR)/kr͔ 2 weighting factor in the scattering integral. Turn now to the smallest inhomogeneity size at Rϭ0.2 m and the solid curve in ͑c͒. Here, the maximum spin wave wave number for scattering is at /Rϭ1.6ϫ10 5 rad/cm. This k value is well below the maximum k cut value cited above. In accord with the Fig. 11 discussion, one now observes a distinct kink in the linewidth versus angle profile. This kink is evident for the solid curve in Fig. 12͑c͒ at a value near 15°. This kink point corresponds to the angle at which the condition k cut ϳ/R is satisfied. The solid curve in ͑b͒ for Rϭ0.1 m represents an intermediate situation.
While the shape of the solid curve profile is different from that in ͑a͒, the change in character at the k cut ϳ/R is not as pronounced.
It is important to take not of the different vertical axis scales for the graphs in Fig. 12 . From ͑a͒ to ͑b͒ to ͑c͒, this scale increases from 0-8 Oe to 0-50 Oe to 0-100 Oe. The growth in the two magnon linewidth as R is increased is due mainly to the R 3 factor in Eq. ͑27͒. The increase does not scale strictly with the cube of the scatterer size because of the decrease in the /R cut-off point in wave number as R is increased. Turn now to the results for spherical void scattering, shown by the dashed lines. The linewidth versus angle profiles now show more complicated variations than for isotropic scattering. Note, in particular, the appearance of a pronounced shoulder in dashed line profile in ͑a͒ and the broad peaks in the 15°-30°range for ͑b͒ and ͑c͒. The ͑b͒ and ͑c͒ results show that these peaks become somewhat sharper and shift to smaller values as the scatterer size is made larger. For the largest R value and ͑c͒, the dashed curve provides a reasonable representation of the (3 cos 2 k Ϫ1) 2 coupling, in which the spin wave k propagation angle at low k maps more-or-less into the variation in the field angle . The calculated linewidth in ͑c͒ for the larger scatterers is similar to the angle dependence shown in Fig. 3 of Ref. 18 .
The results in Fig. 12 , as well as most of the considerations in previous sections, have been for the case of an infinite thin film where the sample demagnetizing factors are given by N Z ϭ1 and N XY ϭ0. One result, as shown in Figs. 10-12, is that the two magnon linewidth vanishes in the limit of a film magnetized perpendicular to the film plane. This is true because the FMR point then lies at the bottom of the band and there are no degenerate spin wave states to contribute to the scattering. This is not the situation for a film for which N Z is no longer unity and N XY is no longer zero.
It is instructive to consider modifications to the two magnon linewidth versus angle profiles for the case of a finite size film or disk, where N Z Ͻ1 and N XY Ͼ0 are satisfied. The results are shown in Fig. 13 . The calculations were made with the same YIG material and FMR parameters as for The format for the spin wave band diagrams in ͑a͒ and ͑b͒ is the same as for previous graphs. The top and bottom solid curves show the bulk spin wave frequency k versus wave number k for k ϭ90°and k ϭ0°, respectively. For purposes of comparison, these diagrams are shown for one common value of the static internal field. The positions of the FMR frequencies when the corresponding external field is oriented at ϭ0°and ϭ90°are shown by the horizontal dashed lines labeled with the small disk diagrams with either a perpendicular arrow or an in-plane arrow, respectively. For the thin film d/Sϭ100 case and Fig. 13͑a͒ , the two FMR frequencies are at the bottom and the top of the kϭ0 band limits, as expected. For the thick film d/Sϭ10 case and Fig.  13͑b͒ , the two FMR frequencies are no longer at the kϭ0 band limits. As already indicated, this change affects the two magnon linewidth versus angle profile significantly.
The effects of finite size on the two magnon linewidth are clear from the curves in Fig. 13͑c͒ . The solid curve is essentially the same as shown in Fig. 12͑a͒ . The dashed curve for the thick film case shows a modified profile. This curve no longer goes to a zero linewidth in the perpendicular ϭ0°limit and has a slightly reduced value in the parallel ϭ90°limit. These changes are due to the relative shifts in the FMR frequency positions relative to the spin wave band for the thicker film. Note that the basic profile has the same character. This is because the basic evolution in the density of states with the external field angle has not changed.
C. Linewidth versus angle profiles for Ba-M and Zn-Y
The effects of inhomogeneity size, type of scattering interaction, and film thickness on the angle dependence of the two magnon linewidth for isotropic films hold for the uniaxial materials as well. Here, however, there are additional complications for both the uniform mode FMR response and the spin wave dispersion relations.
For an easy-axis material such as Ba-M, there are two main effects. First, the anisotropic distortion of the top of the spin wave band shown in Figs. 6 and 9 has a significant effect on the number of degenerate modes available for scattering as one moves from the perpendicular FMR condition at ϭ0°to the parallel FMR condition at ϭ90°. Note, in particular, that the FMR position moves from the very bottom of the spin wave band for ϭ0°, through the bottom of the top spin wave band surface at k ϭ90°and k ϭ0°for some intermediate value, and then to the very top of the band at k ϭ90°and k ϭ90°for ϭ90°. Second, the effects which derive from this movement of the FMR point from the bottom of the band to the top of the band become compressed in angle. Subject to the constraint of a constant FMR frequency, the large uniaxial anisotropy tends to hold the magnetization angle at values close to 0°until becomes relatively large. Most of the rotation of the static magnetization and the corresponding change in takes place for 45°ϽϽ90°.
The above effects are demonstrated by the numerical results on the frequency swept two magnon linewidth versus field angle in Fig. 14 . The calculations were based on the same Ba-M parameters cited above and for an FMR frequency of 50 GHz. Figure 14͑a͒ is for scatterers with R ϭ0.01 m, 14͑b͒ is for Rϭ0.04 m, and 14͑c͒ is for R ϭ0.08 m. The porosity parameter p was taken as 0.01 for all graphs. Curves for isotropic scattering and spherical void scattering are shown by the solid and dashed lines, respectively, in each graph.
Consider the isotropic scattering results first. For very small scatterers and Rϭ0.01 m, as in ͑a͒, the linewidth versus angle profile is similar to that for the isotropic YIG material in Fig. 12͑a͒ . The only real difference is that the main field angle effects have been pushed to large values. This is due to the rotation effects noted above. If the horizontal axis displayed the magnetization angle rather than the field angle , the profile would be very close to that shown in Fig. 12͑a͒ . As the size of the scatterer is increased, however, there are some significant new dependences. The solid curves in Fig. 14͑b͒ and Fig. 14͑c͒ show that the increase in R is accompanied by the development of a pronounced high angle peak. This high angle peak has nothing to do with the spherical void scattering k -dependent scattering which produced the low angle peak shown by the dashed curves in Fig. 12 . This high angle isotropic scattering peak for the Ba-M films is due to the distortion of the top of the spin wave band as illustrated in Figs. 6 and 9, coupled with drop in /R to values well below k cut . The f (k) function which gives the minimum k for scattering becomes nonzero when the FMR frequency cut is across the warped k ϭ90°t op surface of the spin wave band, as in Figs. 6͑c͒, 6͑d͒, and 9. When this occurs, there is a loss of degenerate states at low wave numbers. If only low k states can be coupled, as is the case when /R is small, this results in a decrease in linewidth. This is the origin of the peak in linewidth at ϳ70°shown by the solid curve in Fig. 14͑c͒ .
The spherical void scattering results are shown by the dashed lines in the graphs of Fig. 14 . All of the previous discussion for isotropic scattering in the Ba-M film apply here as well. The profiles are pushed over to higher values and there is a high peak associated with the warped top surface of the spin wave band and the minimum k effect. Now, however, this peak is somewhat obscured by the peak at lower values which comes in for spherical void scattering when R is large. This lower peak is directly related to the (3 cos 2 k Ϫ1) 2 contribution to the scattering in Eq. ͑27͒. Here too, the previous discussion for the YIG film applies. The peak in linewidth near ϭ55°, evident from the dashed curve in Fig. 14͑c͒ , derives from this term. As with the YIG example, the small value of /R serves to select out a narrow range of k values which allow the linewidth versus the field angle to reflect this coupling in an almost one-to-one manner.
As a final example, consider the case of an easy-plane anisotropic material. Figure 15 shows calculated two magnon scattering linewidths as a function of external field angle for a Zn-Y film in the infinite thin film limit and for ferromagnetic resonance at 10 GHz. Figure 15͑a͒ is for R ϭ0.04 m and 15͑b͒ is for Rϭ0.1 m. As with the two previous figures, the results for isotropic scattering and spherical void scattering are shown by the solid lines and the dashed lines, respectively. The p value was 0.01. The Zn-Y parameters were the same as cited previously.
Consider the isotropic scattering results first. The solid lines in the graphs of Fig. 15 appear at first glance to be quite different from either of the two previous examples. For both of the R values examined, the two magnon linewidth increases very rapidly from zero to ϭ0°to a relatively constant value for values above 10°-15°or so. This initial rapid increase with is somewhat misleading, however. For this easy plane material, the anisotropy serves to enhance the tendency for the static magnetization vector to lie in-plane. As the external field angle is moved away from 0°, the magnetization angle moves from 0°to angles close to 90°F IG. 14. Calculated two magnon frequency linewidth 1/␥T TM as a function of the external field angle for an easy axis Ba-M film at 50 GHz in the infinite thin film limit. The easy axis is perpendicular to the film plane. ͑a͒ is for scatterers with a radius Rϭ0.01 m, ͑b͒ is for Rϭ0.04 m, and ͑c͒ is for Rϭ0.08 m. The porosity parameter p was set at 0.01 for all computations. The solid lines show results for the isotropic scattering approximation and the dashed lines are for spherical void scattering. rather quickly. This is a result of the large easy-plane anisotropy together with the demagnetization fields which act to pull the magnetization vector in the plane of the film even for relatively low values of the external field angle. For the results in Fig. 15 , the range of values from 0°to 15°corre-sponds to a change in from 0°to nearly 90°. If these linewidths were displayed as a function of , the profiles in Fig. 15 would have a very similar appearance to the profiles in Fig. 12 for YIG films. Most of the YIG discussion applies here as well. The small shoulder at ϳ3°on the solid curve Zn-Y result in Fig. 15͑b͒ for Rϭ0.1 m, for example, is related to the same k cut ϭ/R condition which caused the shoulder to appear on the solid curve in Fig. 12͑c͒ . Here, the shoulder occurs at a much smaller value because of the planar anisotropy.
For spherical void scattering, the effects also track the results for the YIG films in terms of the rotation. The single peak which is evident for both of the dashed curves in Fig. 15 is due to the (3 cos 2 k Ϫ1) 2 term in Eq. ͑27͒. The peak is more distinct for the larger R value. This is because the reduced coupling to modes with k values above /R tends to select out a more limited range of k values for the scattering, and this allows the functional form of the (3 cos 2 k Ϫ1) 2 coupling term to be reflected directly in the linewidth versus response. The arguments here are exactly the same as for the YIG case.
It is important to note that for Zn-Y there is no additional peak at higher values associated with the warped top k ϭ90°surface of the spin wave band, as was the case for the Ba-M analysis. For ferromagnetic resonance in a c-plane film of Zn-Y, the resonance frequency lies at the bottom of the spin wave band for ϭ0°, but then moves only to the bottom of the warped surface of the band at ϭ90°. This result was emphasized in connection with Fig. 7 . For Ba-M films, the FMR frequency cut moves into the warped part of the band for large values. This is not the case for Zn-Y.
The above YIG, Ba-M, and Zn-Y examples demonstrate explicitly the various processes which can affect the two magnon linewidth. There are density of states effects. There are anisotropy effects. There are microstructure effects. There is one final effect to be considered, the difference between the frequency swept linewidth ⌬͑/␥͒ and the field swept linewidth ⌬H. Recall that there is, in general, a variation in the field swept linewidth ⌬H with the field angle even for a constant ⌬͑/␥͒. This point was made explicitly in connection with Fig. 3 . The effect was relatively small for YIG materials, about a 50% effect for Ba-M materials, and an over 600% effect for Zn-Y films.
It is only necessary to consider the differences between ⌬͑/␥͒ and ⌬H for the Ba-M and Zn-Y cases. Figure 3͑a͒ shows that the effect is small for YIG films. Figure 16 shows a comparison of frequency swept and the corresponding field swept two magnon linewidth versus field angle profiles for Ba-M and Zn-Y thin films. Figure 16͑a͒ is for Ba-M at 50 GHz. Figure 16͑b͒ is for Zn-Y at 10 GHz. In both cases, the calculations were based on a scatterer size of 0.1 m, the infinite thin film limit, spherical void scattering, and a poros- ity p parameter of 0.01. The dashed lines show the two magnon frequency swept linewidth ⌬(/␥)ϭ1/␥T TM angle profiles. The solid lines show the two magnon field swept linewidth ⌬H TM profiles. The field swept linewidths were obtained from the frequency swept two magnon linewidths and Eq. ͑10͒, with the FMR derivative factor ␥‫ץ‬H FMR ‫ץ/‬ FMR evaluated numerically at each . From the results in Fig. 3 , it is evident that this factor is equal to one at ϭ0°, greater than one when M s rotation effects are important at intermediate angles, and less than one for resonance when the static field is in plane at ϭ90°.
The results in Fig. 16 are self explanatory. In the Ba-M case, the roughly 50% effect at ϳ60°from Fig. 3 serves mainly to magnify the angle profile for ⌬H TM . The basic profile structure found for 1/␥T TM is retained. Although it is not readily evident from the curves shown, the field swept linewidth at ϭ90°is slightly smaller than the frequency swept linewidth. This is a direct consequence of the fact that the rotation effects for values different from 0°and 90°c ause ␥‫ץ‬H FMR ‫ץ/‬ FMR to be greater than unity and to broaden the field swept FMR line, while dynamic demagnetizing effects which affect the FMR frequency field equation at ϭ90°give a ␥‫ץ‬H FMR ‫ץ/‬ FMR multiplier which is less than unity. The situation is quite different for Zn-Y. Here, the 600% effect for the 1/␥T TM to ⌬H TM conversion, combined with relatively sharp peaks for both 1/␥T TM and ␥‫ץ‬H FMR ‫ץ/‬ FMR over roughly the same range in values, leads to a very significant change. One finds that ͑i͒ the peak in ⌬H TM is accentuated to the extreme and shifted in , and ͑ii͒ the ⌬H TM for large values of actually falls below 1/␥T TM . For Zn-Y, this decrease in ⌬H TM below 1/␥T TM at large is much more distinct than for Ba-M, as was also the case in Fig. 3 .
VI. ADDITIONAL CONSIDERATIONS
As discussed in Sec. I, an important consideration which has been neglected in this work involves the effect of film thickness on the normal spin wave modes. For thin films, the bulk spin wave dispersion relations are not the true normal modes of the system, due to the film surfaces and the corresponding boundary conditions on the dynamic magnetization. Instead of the continuous spectra of spin wave dispersion curves within the band, the spin wave spectrum is discretized. One would then expect the angle dependence of the linewidth to reflect the discrete nature of the normal modes. The dipole-exchange mode dispersion relations developed by Kalinikos et al. 36 for obliquely magnetized anisotropic thin films, for example, might be used in place of the bulk dispersion relations in order to determine the effect of film thickness.
There are a number of additional considerations which may be important in the two magnon calculation but have been neglected in this analysis. First, the exchange constant D has been taken to be independent of propagation angle. As mentioned above, this may not be the case for highly anisotropic Ba-M hexagonal ferrite materials. Second, the effect of the ellipticity of the uniform mode and the spin wave has also been neglected. It is reasonable to expect that the ellipticity would influence the coupling between the inhomogeneities and the degenerate spin waves. Third, a scattering Hamiltonian based on fluctuations in the effective anisotropy field H A rather than the saturation induction 4M s might provide a better model of the microstructure in highly anisotropic ferrites.
VII. SUMMARY
The two magnon scattering contribution to the ferromagnetic resonance relaxation rate and linewidth has been evaluated as a function of field angle for isotropic and anisotropic disks and films. The analysis was based on the original SLK treatment but has been extended to include anisotropic materials, nonspherical scatterers, sample demagnetization factors, and a nonzero linewidth for the scattered spin wave modes. The analysis yields characteristic angle dependences in the two magnon scattering linewidth which reflect the scatterer size, sample shape, scattering interaction, and crystalline anisotropy. Specific numerical evaluations were done for three types of materials: YIG, Ba-M, and Zn-Y. These explicit calculations serve to demonstrate the various effects of the spin wave band shift relative to the FMR frequency, anisotropy, and microstructure on the two magnon relaxation process. The results demonstrate that measurement of the FMR linewidth as a function of angle for film and disk materials can provide useful information on the microstructure and two magnon losses in the sample.
